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1.  Introduction  :  Let  (X^)  be  a  Markov  process,  not  assumed  to  be  tine 
homogeneous.  It  is  well  known  that  ?t  *  (t,  Xt>  la  a  tine  homogeneous 
Markov  process.  Let  A  be  its  generator.  The  Feynmen-Kac ’ s  formula  for 
takes  the  following  form  if  the  equation 

(1*1)  Av  ♦  ev  *  0 

admits  a  solution  v,  then  v  has  the  representation ,  for  s  <  t 
(1.2)  v<s,  Xg>  *  E  |v(t,Xt)  exp (/  c(u,Xu><*u)MXg)~]  • 

Ve  prove  this  under  general  conditions  on  (X^) , 

Then  we  come  to  the  question  of  existence  of  solution  to  (1.1).  He 
show  that  under  same  regularity  conditions  on  (X^),  (1.1)  has  a  solution 
for  a  rich  class  of  boundary  conditions.  This  implies  that  the  'dual* 
equation  to  (1.1)  admits  a  unique  solution.  The  ’dual*  equation  is  an 
equation  for  measures  on  the  state  space  of  (X^)  and  its  unique  solution 
is  the  distriiwtion  of  X^  under  an  absolutely  continuous  change  of  the 
underlying  probability  measure  by  a  multiplicative  functional. 

These  results  on  the  measure  valued  equations  significantly 
extend  results  given  in  J  on  the  conditional  distributions  for  the 
nonlinear  filtering  problem  (in  the  white  noise  approach) . 


***&&&! 


2.  Let  (S,  S)  be  a  measurable  space.  Let  (X^)  be  an  (S,  g)  valued 
Markov  process  on  a  probability  space  (ft.  A,  v)  with  transition  probability 
function  P,  i.e. 

{  *>  :  Xt<«)  e  B)  e  & 
and 

(2.1)  E„[yy!£]  *  p(*.  x8»  *-•.  B)  a, a.  » 

for  all  0<s<t<»,  BtS,  Here,  the  function  P(s,x,t,B)  on 
{0  <_*<•,  t>_0,  xeS,  BeS)  is  assumed  to  satisfy  the  following 
conditions. 

(2.2)  For  s  >_  0,  t  >_  0,  x  e  S;  P(s,x,t,.)  is  a  countably  additive 
probability  measure  on  (S,  S). 

(2.3)  For  s>0,  xeS,  Beg  *  P(s,x,0,B)  *  l^x). 

(2.4)  For  t  ^0,  B  e  S;  (s,x)  ~*P(s,x,t,B)  is  a  B(tjp,»))®  g 
measurable  function  (g(E)  denotes  the  Borol  c-field  of  a  topological  space 
E  and  <8  denotes  the  product  of  a -fields ) . 

(2.5)  For  s>0,»>0,  t>0,xeS,  B  t  gj  we  have 

/  P(8+t,s,u,B)  P(s,x,t,dz)  ■  P(s,x,ttu,B) 

S 

Throughout,  denotes  the  smallest  c-field  with  respect  to  which  the 

family  (Xu  :  O  <a  <  t}  is  measurable.  Wc  also  asswe  that 

(2.6)  the  process  (X^)  is  ^  -  progressively  measurable,  i.e,  for  all 
tQ  <  «,  the  mapping  (t,w)  Xt(m)  from  (o.t^  x  0  -  S  is 

1<  Co.tjp)®  measurable. 


Let  ^  »  [Of«)  x  S,  l'  *  B(  Co,-))®  S  and  J  be  the  class  of 

bounded  real  valued  S  measurable  functions  cn 

:  A  sequence  {f^}  C  J  is  said  to  converge  weakly  to  f  t  ^ 

written  as  w-lim  f.  *  f,  "If  f.(x)  is  uniformly  bounded  and  for  each 
k  ♦  -  K 

x  e  S,  ffc(x)  converges  to  f(x). 

For  ft  J,  t  >0,  let  T  f  :  S  IR  be  defined  by 

(2.7)  (Ttf)(s,x)  *  Jf(s+t,z)  P(s,x,t,dz),  (s,x)  e  S. 

Using  the  properties  of  P,  it  can  be  checked  that  Ttf  c  g  and  that  for 
u  >  0,  t  ^  0, 

0.8)  Ty  [ttf]  .  Tttu  f  .  f  «  j  . 

Thus  {T^  !  t  ►  0}  is  a  semigroup  of  operators  (from  J  into  itself). 


•  4  • 


■j-. 

V. 

■«*. 

V. 


s- 


Remark  i  It  is  well  known  and  easy  tr  check  that  X^  »  (t,  X^)  is  a 
Markov  process  with  stationary  transition  probability  function  £  given 
by 

$(t,  (s.x),  B)  =  P(s,x,t,B(s+t))  ,  B  t  | 

where  Bu  denotes  the  u-eect ion  of  B^S,  The  semigroup  {T^tt  >_  0} 
defined  above  is  the  usual  semigroup  associated  with  the  transition 
function  P  (as  inQ23,  section  2.1). 

We  will  now  recall  the  definition  and  seme  properties  of  the  weak 
generator  A  of  (T^  :t  0).  Let  be  given  by 


J  *  (f  e  J  j  w-lim  T  f  =  f) 
t  +  0  1 


Definition  :  Let.  D.  be  the  class  of  f  e  J  for  which  the 

—  ■  -A  * 


(2.9) 


T  f  -  f 

w-lim  — - -  =  g 

t  *  0 


exists  and  belongs  to  and  for  f  e  gA#  define  Af  *  g,  where  g 

is  given  by  (2,9). 

The  following  properties  are  easy  to  prove.  We  will  only  state 
them  here.  For  a  proof  see  chapter  1  in  CO  • 

(2.10)  Tt<8A)  —2a  311(1  foe  f  e  PA,  A(Ttf)  *  TtAf 


(2.11)  For  f  e  t  -*•  (T^fXs.x)  is  a  right  continuous  function  for 
all  (s.x)  c 


f  c 


6»>  "e  have,  fer  all  (s.x)  e  S,  t  >_0 


(T  f)(s,x)  *  f(s,x)  *  f  (T  Af)(s,x)du 
x  0  u 


(2.12)  For 


(2.13) 


Given  f  e  ^  there  exists  a  sequence  {f^}  C  such  that 


w-lim  f  =  f. 

k  ♦  ~ 


In  (2.13)  above,  can  be  taken  to  be 


fk(s,x)  =  J  k  (Tt  f)(s,x)<ix  . 


The  property  (2.12)  has  the  following  important  consequence. 


Proposition  1  s  For  f  e  gA,  M  given  by 

t 

(2.14)  Mt(w)  =  f(t,  Xt(w))  -  /  (Af)(u,  Xu(w))du 

o 

X 

is  a  martingale  with  respect  to  the  a^fields  F^. 

X 

Proof  s  The  progressive  measurability  of-  (X^)  implies  the  measurability 

of  M^,  Since  f,  Af  e  J,  they  are  bounded  and  hence  is  itself 

bounded  for  each  t.  Now  (2.1)  implies 


(2.15) 


[fit,  I  f<«.  *,.  *—•  3*  > 

-  <*t_  f)  (•,  X.> 


for  s  <_  t« 
(2.16) 

Using  (2.11) 


Similarly  for  s  <_  u,  we  have 


E,  [<Af><».Xu>|£]  .  (Tm  Af)(.,  X,). 


,  (2,12),  (2.15)  and  (2.16),  it  can  be  cheeked  that 


E.[Mt  ■  °  • 


o 


*-  jv  A  . 


We  now  turn  our  attention  to  the  / eynman-Kac *s  fcnnula.  Our  neat 


result  is  a  step  in  this  direction. 

Let  g  :  £o,to^x  S  ■+•  IR  be  a  B(  £o,tc"3  )  x  8  •easurable 
function  such  that 

(2.17)  Ef/  |g(u,  Xu)|du^]  <  « 

^  o 

and  for  a  positive  integrable  function  a  :  £o,  tjj  IF  , 

(2.18)  g(u,  x)  <_•(«)  for  all  x  e  S,  ue  Qo,  t^ « 

Fix  0  <_  s  <_  t  and  let 

t 

(2.19)  B  (u>)  =  exp (/  g(u,X  (u))du). 

s  u 

Then  we  have 


Theorem  2 

(2.20) 

is  an 


;  Let  f  e  PA  and  g  satisfy  (2.17),  (2.18).  Then 

Zt  =  f(t,  Xt).»t  -  /  f(Af)(u,Xu)  t  g(u,Xu)‘]  -  Bu  du 

8 

martingale  for  t  >_  s  (where  B  is  given  by  (2.19)). 


Proof  :  It  is  easy  to  see  that  is  measurable.  The  condition 

(2.18)  implies  that  is  bounded.  Since  f,  Af  are  also  bounded  the 

condition  (2.17)  gives  the  integrakility  of  Z^,  To  prove  the  martingale 
property,  suffices  to  prove  that  for  8<r<t,  C  e  F*  , 


(2.20)  Ew  C(Zt  “  Zr),1C^l  e  0  • 

t 

o 

Let  f^t.u)  =  f(tQ,  Xt  (w))  -  J  (Af)(u,Xu<*»du.  Then  by 

o  t 

Proposition  1,  it  follows  that  for  0  <  t  <  t_ 


•  7  • 

•  t  • 


y.v 


y;. 


(2.21)  Eff  ]  =  f(t»V 


and  hence 


(2.22)  EiT^lG.(Zt-Zr)3=  E,  lc*(f1(t,.)Bt-f1(r,.)Br-/  {(Af+gfMu.X^du), 


Mow  for  each  w,  f^(t,o>),  Bt(u)  are  absolutely  continuous  functions  and 
hence 


f1(t.u)Bt(oj)-f1(r,&>)Br(uj)  =  /  ^  ^f1(utw)Bu(w)3du 

r 

t 

=  /  {f1(u,a>).e(utXu(w))Bu(w) 


♦  (Pf )(utXu(a>)).Bu(w)  )<Ju. 
(2.23)  ^f1(t,.)Bt-f1(r,.)BrJ  =  Elj  f^u,.  )r(u,Xu)Bu  du 


Thus 


+  E  lc  /  (Af)(u..)Bu  du 


=  Elf  j  (Af+gf)(u,X  )du 


using  <2.21)  once  again.  Mow  (2.22)  and  (2.23)  give  the  required 
euqlity 


E\>c«t  -Zr0  *  0  • 


Remark  :  It  can  be  verified  that 

t 

r 

s 


7  =  M.  B.  -  /  M  dB 

t  t  t  1  _  u  u 


where  M  is  given  by  (2.1*0.  Hence  if  M  vn  right  ccntinu  us, 
it  would  follow  from  the  "integration  by  parts  formula  for  martingale" 


“  .  w  k  v  m  »  i 


3 


lx.  This  s'-cti^r. 


c.  nsiderr  the  truest i‘r.  as  tr  under  what  conditions 


■r.  c,»,  (X^ )  d.es  the  pr  ilea  (2.24),  (2.25)  admit  a  solution.  Cf  course 

if  the  s  luti  r.  exists,  it  has  t'  satisfy  (2.26)  and  this  gives  a  clue 

as  t  what  r  nditi  r.s  *n«.  sh  uld  ;  ut  m  c,p,(X  >, 

Sup'^e..  S  is  a  tope  1  -pi cal  space,  S  is  its  Berel  o  field. 

Let  be  the  space  f  all  right  c'ntinucus  mappings  X  from  £o,») 

int'  5.  Wt  will  d.-r.  tr  by  X^  the  value  ~f  x  it  ti  Let 

,iS  -  ^IX  :  s  <  u  <  t>.  W<_  assume  that 
=t  — u  —  — 

(3.1)  f  r  all  w,  X,  (u>)  c 

A 

ar.d  that  frr  all  (s,x)  e  5,  there  exists  a  oj«cbafcility  measure  P 

5  |X 

r.  Oh,  ■r^)  such  that  f-,r  C  <_  t„  <_  t^  <_. .  .<_  t^  ,yr  eS ,  e  S  ; 

K  >  1 ,  we  have 


(3.2) 


P 

t,  »y 


k 

:l<i<k)  =  /.../  !T 
“  i=l 


1;,.lyi)Ptti-x*  yi-i 


-t 


.  -t 
i 


i-1 


♦<*y 


Pamark  The  main  thrust  cf  this  assumr-tion  is  that  P  is  realized  on 

—  s  *x 

The  relation  (2.1)  and  (3.2)  imply  that  fer  (t^},{A.)  as  in  (3.2), 
we  have 


f  V  Y  1 

(3.3) 

n  l.  (x  )ir  J 

=  P  (X.  e  A  : 

(  i=l  '  i  ti 

i 

and.  hence 

by  standard  arguments. 

tr 

wa  have  for  B  ~  bm 

(3.4)  v(X.c  B|Ej  )«?„.,  (B)  a. s.  n  . 

V»‘t 

O 


Similarly,  it  car.  be  orovr-d  that  for 


s  <  t, 


n  e  /.t. 


x  c  S, 


10 


We  are  now  in  a  position  to  prove  a  ‘converse*  to  the  Feynman-Kac's 
formula . 

Theorem  4  :  Let  0  <  t^  <  *  be  fixed.  Let  c  :  £o,t  x  S  +  IR  be  a 

bounded  continuous  function.  Let  f  r.  DA.  Let  v  !  f  ■»  IR  be  defined 

=A 


by 

(3.6) 


T 

v(s,x)  =  Ep  [f(to,Xt  )exp(/  c(u,Xu)du)3  »  s  <  t^ 


m 

m 

Then 

v'e 

'p  .  - , 

it 

(3.7) 

& 

i  *  *  * 

Proof 

■>/. 

s,x 

=  f(s,x) 

and  Av  =  f  where 
f^s.x)  =  -  c(s,x)v(s,x)  ,  s  <  t 

=  (Af)(s,Jt) 

Proof  Since  v(s,x)  =  f(s,x)  for  s  >_  to,  we  have 
(Ttv)(s,x)  =  (Ttf)(s,x) 

for  s>t,  x  e  S,  t  >  0,  Hence  for  s>t  ,xeS. 
—  o  —  —  o* 

(Tt  V)(8,X)  -  V(S,X> 


»  S  1  t 


S  >  tn  . 


(3.8) 


w-lim 
t  0 


=  (Af)(s,x)  =  f-^s.x)  . 


For  e  ^  ,  s  <_  t^  let  us  define 


(3.9) 


C  (X)  =  exp(  /  c(u,  X  )du). 

s  —  J  — u 


Then  for  s  <  t  .  we  have 
—  o 


v(s,x)  =  Fp  [_f<t0#X  )  C  (X)"]  . 

S.X  o 


’>  w  >  vw  1 

VlV  w" a  W  <  >  *-  WV  WV  LV  u  d  u") 


we  thus  have 


For  8  <  to,  s  ♦  t  <  t0» 


(3.10) 


(Tt  v)(s,x)  a  /  v(stt,z)  P(«,x,t,ds) 

=  Ep  [v(8+t,  X6+t)] 

s,x 

■  EP  ft.  ,  v  <«v*« 

S.xLs+t.^  O  J 


■  EP  [f(V  >£,  >  • 


by  (3.5). 

(3.11) 


8.X 


Hence,  for  s<t,  xeS,  s  ♦  t  <  t  we  have 

*  c  o 


(Ttv)(s,x)-v(s,x) 


s,x  *-  c 


For  all  X  e  ,  we  have  from  (3.9) 

C__(X)-C„(X) 


(3.12) 

Further 

(3.13) 


lira 
t  +  0 


s+t  -  s  - 


=  -  c(s,Xe)-C8(X) 


,  W2?  -  cs<*> 


a  |-  0(1,^)  *CT(X)| 


<  K 


where  K  depends  only  on  tQ  and  the  upper  bound  of  | c| .  The  dominated 
convergence  theorem  gives  that  for  s  <  tn 

(Ttv)(s,x)  -  v(s,x) 


(3.14) 


lia 
t  ♦  0 


-  vls,x>  r  ~\ 

- -  =  Ep  )(-e(«,X#)C>(X))J 

s  o 


a  -  c(s,x)  v(s,x) 


u  f  (X  -  x)  =  1.  Also,  (3,13)  implies  that  the  left  hand  expression 

S  |X  "  T> 

in  (3.11)  is  uniformly  bounded  (in  s,x,t).  Thus  we  have 


(T  v)(s,x)  -  v(s,x) 

(3.15)  v-lim  — - - -  =  f  (s,x)  . 

t  +  0 


Remains  tc  prove  that 

Av  *  f  if  s  >  t  , 

1  —  c* 

t  >_  0,  (T t  f1)(s,x)  = 


f,  t  J  .  This  will  prove  that  v  e  D.  and  that 
1  =o  v  =A 

f^s.x)  =  (Af)(s,x)  and  hence  for  s  >_  tQ, 

(Tt  Af)(s,x).  Since  Af  e  J^,  this  gives 


(3.16) 


lira  (T  f, )(s,x)  =  f .  ( s  ,x )  for  s>t,  xeS. 

t  +  otJ-  1  “C 


For  s  <  t  ,  we  have 


T^f ^(s ,x)  -  f^s.x)  =  -Ep 


s,x 


£c(s+t  ,Xg+t)v(s+t  ,Xe+t)-c(s,x)v(8,x)3 


=  -  Ep  ^(s+t.X^^)  (cfs+t.X^)  ~  c(s,x))l 


s,x 


-  c(s,x)  Ep  LvU+t.X^)  -  v(s,x)3  • 
rs,x 

How  as  t  +  0,  c(s+t,  X  )  -*■  c(s,X  )  =  c(s,x)  a.e.  F  ,  as  c 

^  S|X 

is  continuous  and  is  right  continuous.  Hence  by  the  dominated 

convergence  theorem, 

lim  E  rv(8+t,  X  )  (c( s+t ,  X  )  -  c(s,x)>]  =  0. 
t  *  0  * s ,x 

Tho  relation  (3,14)  implies  that 


:(s,x)  Ep  |^v(s+t,  Xfi+t>-v(s,x)J  =  -  c(s,x)  £(Ttv)(s,x)-v(s 


s,x 


as  t  +  0.  These  observations  give 


(3.17) 


lim  (T  f,)(s,x) 
t  +  0  X 


f^(s,x)  for  s  <  to»  x  t  S  , 


Mow  (3.16) ,  (3,17)  and  the  fact  that  f^  is  uniformly  bounded  yield 


w-lim  (T  f. )  =  f. 
t  +  0 


Remark  ;  Under  the  conditions  assumed  in  this  section  and  Theorem  4,  the 

equations  (2.24),  (2.25)  for  *0(*)=  f(tc,x)  have  a  unique  solution  v  on 

^O,to~]x  S  which  is  given  by  (3.6).  To  see  this,  let  v*  be  any 

solution.  Apply  Theorem  3  to  the  process  (X^  :  t  >_  s}  on  the  probability 

space  (X »  AS  ,  P  )  to  obtain,  for  s  <  t  , 

-<*>  s,x  *  o 

C«V2.  >  p,,.  • 

s  ,x  o 

Since  under  P  any  set  in  A8  has  measure  zero  or  one,  the 
S|X  =s 

conditional  expectation  appearing  above  is  the  unconditional  expectation 
and  thus  equals  v(s,x).  Also  X  =  x  a.s.  P  .  Hence  we  have 

—6  S,X 

v'(s,X  )  s  v(s,x)  a.s.  P  _  . 

These  observation  imply 


V*(s,x)  =  v(s,x)  . 


4.  He  now  consider  an  equation  dual  to  (2.24),  namely 


■  A\  ♦  S<t,.)Kt 


where  (K^)  C  M(S)  -  the  class  of  finite  signed  measures  on  (S,S).  The 
euqaticn  (4.1)  is  purely  formal  and  is  to  be  interpreted  as 


i.i.nv'.'oo  -  -  '  v  ».<  %  'mvv.v.n  *.  '*  N  ■  *»  V>Vv 


'.I? 


J 


:'A'! 


m 


lm 


I 
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t  t 

(4.2)  <f(t,.),Kt>  =  <f(0,.),Kc>  +  /<  AfCu,.),Ku>du  +  /  <g(u,.)f(u,.),Ku>du 


for  f  e  D..  Hero,  <0 ,y>  denotes  /  0  d  4  for  u  c  M(S)  and  a  function 
0:S  IR,  Thus  <f(t,.),y>  =  /f(t,x)dy(x)  for  f  e  J.  We  will  show 


that  this  equation  with  boundary  condition 


(4.3) 


_1 

k  =  n  o  x 

o  c 


admits  a  unique  solution  which  is  riven  by 


(4.4)  K  (B)  =  E  fl_(X  )oxp(/  g(u,X  )du]]  ,  B  e  S. 

t  IT1—  lit  *  U  - 


The  uniqueness  will  be  proved  in  the  class  of  {K^}  satisfying 


(4.5)  {K^}  Q  H(S),  t  Kt(B)  is  a  Borel  measurable  function 


for  all  B  e  §  and  Kt  «  n  o  X"1  with 


dwox"1 


for  all  t,  for  a  fixed  constant  M. 


Wo  continue  to  assume  that  the  conditions  imposed  on  (X^)  in 


Section  3,  are  valid.  We  further  assume  that  S  is  a  complete  separable 


metric  space.  We  begin  with  a  Lcrma. 


Lemma  5  :  Let  0  <  t  <  ®  be  fixed.  Let  y  e  J!(S)  be  such  that 


(4,6) 


<f(t,.),y>  =0  V  f  e  D 


=A  * 


Than  y  =  0. 


»  ■-  .*•  /'Vv'/V 


V  j 


r,  - 


Prccf  s  Let  E  be  the  class  of  f  e  J  for  which  (4,6)  holds.  Easy  to 

see  that  if  f^  c  E,  w-lim  =  f,  then  f  c  E.  Hence  by  (2.13), 

k  -*•  «® 

J  CE. 

=o  —  = 

For  f  e  C^(S),  (i.e.  f  :  I  ♦  IR  is  bounded  continuous),  we  have 

(Tt  f)(s,x)  =  E  f ( s+t ,  X^t)  -  f(s,x)  as  t  ♦  0, 

s,x 

* 

since  is  right  continuous.  Thus  (^(S)  Q 

Given  f  e  (^(S),  taking  f(s,x)  =  fc(x),  we  have  f  t  ^(JO^f 
and  hence 

(4.7)  <f  ,u>  =  0  . 

o 

The  validity  of  (4.7)  for  all  fn  e  (^(S)  implies  u  s  0  because 
S  -  the  Borel  a  field  -  is  .also  the  smallest  a  field  with  respect  to 

which  C^(S)  is  measurable. 

□ 

He  are  new  in  a  position  tc  prove  the  assertions  made  at  the  beginning 
of  this  section.  This  result  nay  be  considered  as  a  dual  Feynman -Kac 's 
formula. 

Theorem  6  :  Suppose  that  g  satisfies  (2.17)  and  (2.18).  Then  the 

equation  (4,2)  with  boundary  condition  (4,3)  admits  a  unique  solution  in 
the  class  of  (Kt>  satisfying  (4.5).  The  unique  solution  is  given  by 
(4.4). 

Prccf  :  First  we  will  prove  that  {K^}  defined  by  (4.4)  satisfies  (4,2) 
Lot  {K^}  be  defined  by  (u.4).  Easy  to  see  that  (4,3)  and  (4.5)  are 


satisfied. 


tv 


Taking  s  =  0  in  Theorem  2,  it  fellows  from  the  martingale  property 
of  Z  that  E  Z  =  £  Z  .  Here,  Z  is  given  by  (2,20)  where  ir.  turn 

X  H  t  IT  C  X 

3t  ia  given  by  (2.19),  with  s  =  0,  Noting  that  with  these  notations, 

<  6,  K  >  »  E  e(x„)B^ 

X  tf  X  X 


we  conclude  from  the  relation  F  Z.  =  E  2  that 

tr  t  w  c 


<f(t,.),Kt>  -  /  <(Aft<7f)(u,.),Ku>du  =  <f(0,.),K^>  . 

Hence  {K^}  satisfies  (4.2). 

To  prove  the  uniqueness  part,  we  will  prove  the  follcwing.  Suppose 
(Kt>  satisfies  (4.2),  (4.5)  and  K_  =  0.  Then  Kt  5  0,  t  >_ 0. 

For  this  fix  t,  <  00  and  f  c  DA«  Let  v  be  the  measure  defined  on 


;•  =  C°.tclx  s  by 


(4.8) 


■>(B)  =  E^  J  lg(u,  Xu)du,  B  c  §*  =  g(s»). 


Then  note  that  (2.17)  implies  /  jgj  dv  <  Hmce  if  p.  t  S' 

S' 


■*  IR  is 


defined  by 


(4.9) 


then  we  have 


(4.io)  /  | p  -  g|dv  ■*•0  as  k  •  . 

S«  * 


For  each  k,  is  '-oundec  by  k.  By  Lusirfs  thoi  rom  ( see  <_  1  ]  ,  p.  187) 
wo  can  get  c*K  ^  e  C^(S’),  bounded  by  k,  such  that 


Let  v  .  be  given  by  (3.6)  for  c  =  c  . .  Then  A  v.  .  =  -  c,  .  v. 

®  K  i  •  K 1 1  k  1 1  1 

;n  £c,  tQ)  x  S  by  Theorem  4.  Using  (4.2)  fnr  v^  ^  and  recalling  that 
=  0 ,  we  have 


(4.13) 


<f(tc,.).  >  =  <  v^  ^(t  , ,),K.^  > 


l 1 

3  fQ  <Uvk,i  +  KVk,i)(u»*)»  Ku  ”  du 

t 

A 

3  /  <(«*<Tt,i  >Vk.i  (u”)»  Ku  *  du  ‘ 


(4.iu)  |<f(to,.),Kt  >|  /c  <l^“ck,i)vk,il(u».)'  *  c  X”1  >  iu 

t„ 

=  M  /o  !(E-ck>i)vlr>i!(u,Xu)du. 

*  M  /l^"ck,il*lTk,ildv  * 

As  i  '=,  v^.  converges  pointwise  to  Ty  and  is  bounded  by  k  , 

where  vk  is  oiven  by  (3.6)  for  c  =  This  and  (4.11),  (4.12),  (4.14) 

imply 

l<f(tfl..),Kt>l  if  /  |R-gki-|vk|  dv  . 

Since  (4.9)  implies  r  (u,x)  <_  a(u),it  follows  that 


|v.  1  <  M  .  exp (/  a(u)3u)  =  M„ 

*  1  o  4 

where  |f|  <_M^.  Hence 


1 


|<f(to,.),  Kto>|  <_  M.M2  J|c-g.Jdv  . 


2  1  '  1c 1 


This  and  (4.10)  imply  <f(to,.),Kt  >  =  0.  Since  f  e  gA  is  arbitrary. 


5  Five*  =  0.  This  completes  the  proof. 


Be  will  briefly  consider  the  equation  for  normalized  measures 


(4.15) 


Kt(B) 

Nt(B)  * 


B  c  S 


where  Kt  is  given  by  (4.4).  It  is  easy  to  see,  using  (4.2)  that  (Ht> 


satisfies. 


t  t 

(4.16)  <f(t,.),Ht>*«f(0,.).N ^+/  <(Aftgf)(u,.),Mu>du-J  <f(u,.),Nu><g(u,.), 


We  will  now  prove  that  {Ht }  is  the  unique  solution  tc  this  equation. 


Theorem  7  :  The  equation  (4.16)  with  boundary  condition  Nc  =  w  °  XQ 
admits  a  unique  solution  in  the  class  of  {K^}  satisfying  (4.5).  The 
solution  is  given  by  (4.15), 


Proof  :  We  need  to  prove  uniqueness  of  the  solution.  Let  N’  be  any 
other  solution,  i.e.  satisfying  (4.5),  (4.16)  and  N! •  *  *  o  X^1.  Then  it 
can  be  checked  that  H^(S)  =  1  for  all  t  >_  0.  Further,  if  is  defined  by 


w 

(4.17)  K’(B)  =  N’(B)  •  exp(/  <g(u,.),  IT  > 


then  K,*  is  a  solution  tc  (4.2)  and  that  it  satisfies  (4.3),  (4.5). 
Hence  by  Theorem  6,  =  X^.  This  and  the  observation  that 


H’(E)  = 


K'(B) 


K^(S) 


give  us  the  required  equality,  namely  =  W^. 


:  IS  : 


5.  We  will  now  vive  applications  of  the  results  in  the  previous 
sections  to  filtering  theory. 

We  refer  the  reader  to  for  a  detailed  discussion  and  background 

on  the  white  noise  approach  to  filtering  theory. 

We  assume  that  the  signal  process  (X^)  is  a  Markov  process  satisfying 
the  conditions  Imposed  in  the  previous  sections. 

Let  K  be  c  separable  Hilbert  space.  Let  h  •  ^0,T^x  S  ■*>  J( 
be  a  measurable  function  such  that 

(S.D  E,  llhu(Xu)||2  duj  <  - 

Let  H  =  L2(  Co.Tl  ,  g)  and  lot  H  be  defined  by 

(C(w))u  =  hu(Xu(u))>  0^udT. 

Consider  the  model 

y  =  5  +  e 

where  e  -  (e^)  is  £ -'valued  white  noise  independent  cf  (X^ ),  Here  y 
is  the  observation  process  and  y,£,e  are  realised  on  a  Quasi  cylinder 
probability  space  (E,  E,a)  (See  £4]  section  6).  We  now  state  the 
Bayes  formula.  For  the  relevcnt  definitions  and  proof,  see  [u  "] , 

Theorem  8  :  For  g  s  S  ■*  IR  bounded,  measurable, 

Efl(g(Xt)|y  :  u  <_t)  =  /  g(x)  dF^CyXx) 

s 

rt(T)(n) .  r  n  1  wh*  du!l 


(5.2) 

where 

(5.3) 


(5.4) 


r  (y)(P) 

Ft‘*,(E)  *  T^rnsr 


for  0  <_  t  <_T,  y  c  H,  r  e  S. 


Cy ) »  Ft(y)  arc  Vncwn  as  unnonnalized  and  normalized  conditional 
distribution  of  given  { :  u  <  t),  respectively. 


The  following  is  an  immediate  consequence  of  Theorems  6,7,  Let 


cy(t,x)  =  (ht(x),  yt)K  -  ij|ht<x>||£  ,  (t,x>  e  fo.T^x  S,  y  t  H. 


Theorem  9  :  Let  h  satisfy  (5.1). (i)  Fcr  all  y  c  H,  Tt(y)  is  the 


uniaue  solution  to  the  equation 


(5.5) 


<f(t,.),r  (y)>  a  <f(0,.),  r  (y)>  +/  <(Af+e  f)(u,.),r  (y)>du, 

°  0  y  u 


*  e  5. 


with  the  condition  ro(y)  =  *  o  X"1  in  the  class  of  {Kt}  satisfying  (4.5). 


(ii)  For  all  y  e  H,  Ft(y)  is  the  unique  solution  to  the  equation 


(5.6)  <f(t,.),F  (y)>  =  <f(0,. ),F„(y)>  +  /  <(Af+g  ft(u,.),F  (y)  >  du 

‘  0  y  u 


-/  <f(u,,),F  (y)  ><g  (u,.),F  (y)>du,  f  c  D. 


with  the  Initial  condition  F  (v)  =  *  o  X”1  in  the  class  of  (K  } 

o  t 


satisfying  (4.5). 


Proof  :  Since 


|ey(t,x)|  <_  ||ht(x)||^  +  5"  ^ yt i  I K 


njt.x)  <  y  ||yt||J  » 


it  follows  that  for  all  v  e  H,  satisfies  (2.17)  and  (2.18),  Thus  (1) 


follows  from  Theorem  6  and  (ii)  from  Theorem  7, 


2 


Remark  :  Theorem  9  was  proved  in  £^3  un<^cr  t*ie  rauc^-  strong er  condition 


(5.7) 


||ht(x)||  <_  a  with  /  dt  <  »  . 


The  equations  (5,5)  and  (5.6)  are  analogues  of  the  Zakai  and  Fujisaki- 
Kallianpur-Kunita  equations.  In  £ 3  3  *  ^(y)  and  Ft(y}  were  also 
characterized  as  unique  solutions  to  another  type  of  equations  (equations 
(3.4)  and  (3.11)  in  C.3  3  )  under  the  condition  (5.7).  Vith  a  little 
bit  of  work,  it  car.  he  shown  that  (5.7)  can  be  replaced  by  (5.1)  in  these 
results  as  well. 

References 

1.  Ash,  R.  :  Real  Analysis  and  Probability,  Academic  Press,  New  York 

(1972). 

2.  Dynkin,  E.3,  :  Markov  processes,  Vol.  1,  Springer-Verlag,  Berlin  (1965) 

3.  Kallianpur,  <5.  and  Karandikar,  R.L.  :  Measure  valued  equations  for  the 

optimum  filter  in  finitely  additive  nonlinear  filtering 
theory.  Z.Wahrscheinlichkeitstheorie  verw,  Seb. ,  66, 

1-17  (1984). 

4.  Kallianpur,  G.  and  Karandikar,  R.L.  :  White  noise  calculus  and 

nonlinear  filtering  theory.  The  Annals  of  Probability 
13,  1033-1107  (1985). 

5.  Strocck,  D.W.  and  Varadhan,  S.R.S,  :  Multidimensional  diffusion 

processes,  Springer-Verlag,  Berlin  (1979). 


/.v.v.v  v  v;av.v;.‘.v.v;.v  <  '  /.a,'  .''/■/y.''.'-  .  -','-';  '  '; 


.‘.•t1  «»">•*  v 


■YtViViYW.BV 


'ivl  * 


♦*VW 


K  • 


KWWl 


